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Hypersurfaces in spacetime

A hypersurface of the n-dimensional spacetime (M , g) is an embedded
submanifold of M of dimension n− 1 (codimension 1).

Locally, a hypersurface Σ can be of one of 3 types (n = normal to Σ):

Σ timelike Σ spacelike Σ null
g|Σ Lorentzian g|Σ Riemannian g|Σ degenerate
n spacelike n timelike n null (and tangent to Σ)
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Null hypersurface as a causal boundary

 

12

For timelike worldlines L
directed towards the future:

null hypersurface = 1-way
membrane
=⇒ eligible for a black hole
boundary...

...and elected! (as a
consequence of the formal
definition of a black hole)

Theorem (Penrose 1968)

Wherever it is smooth, the event horizon of a black hole is a null
hypersurface.

Éric Gourgoulhon (LUX) Introduction to black hole theory 2 ENS, Paris, 7 May 2025 4 / 27



Null hypersurface as a causal boundary

 

12

For timelike worldlines L
directed towards the future:

null hypersurface = 1-way
membrane
=⇒ eligible for a black hole
boundary...
...and elected! (as a
consequence of the formal
definition of a black hole)

Theorem (Penrose 1968)

Wherever it is smooth, the event horizon of a black hole is a null
hypersurface.

Éric Gourgoulhon (LUX) Introduction to black hole theory 2 ENS, Paris, 7 May 2025 4 / 27



Timelike hypersurfaces are not causal boundaries

 

1 2

For timelike worldlines L
directed towards the future:

timelike hypersurface = 2-way
membrane
=⇒ not eligible for a black
hole boundary
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Spacelike hypersurfaces

1

2

 

For timelike worldlines L
directed towards the future:

spacelike hypersurface =
1-way membrane
=⇒ in the dynamical black
hole context: trapping
horizons = spacelike
hypersurfaces
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Example 1: null hyperplane in Minkowski spacetime

g = −dt2 + dx2 + dy2 + dz2

u := t− x = 0

du = dt− dx

(du)α = ∇αu = (1,−1, 0, 0)
∇αu = (−1,−1, 0, 0)
Choose ρ = 0

=⇒ ℓα = (1, 1, 0, 0)

ℓ = ∂t + ∂x
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Example 2: future null cone in Minkowski spacetime

g = −dt2 + dx2 + dy2 + dz2

u := t−
√

x2 + y2 + z2 = 0

du = dt− x

r
dx− y

r
dy− z

r
dz

r :=
√
x2 + y2 + z2

∇αu =
(
1,−x

r
,−y

r
,−z

r

)
∇αu =

(
−1,−x

r
,−y

r
,−z

r

)
Choose ρ = 0

=⇒ ℓα =
(
1,

x

r
,
y

r
,
z

r

)
ℓ = ∂t +

x

r
∂x +

y

r
∂y +

z

r
∂z
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Example 3: Schwarzschild horizon
in Eddington-Finkelstein coordinates

g = −
(
1− 2m

r

)
dt2+

4m

r
dtdr+

(
1 +

2m

r

)
dr2+r2dθ2+r2 sin2 θ dφ2

u :=
(
1− r

2m

)
exp

(
r − t

4m

)
= 0

H : u = 0 ⇐⇒ r = 2m

du =
1

4m
e(r−t)/(4m)

[
−
(
1− r

2m

)
dt

−
(
1 +

r

2m

)
dr

]
Exercise: compute ℓ with ρ chosen so

that ℓt = 1 and get

ℓ = ∂t +
r − 2m

r + 2m
∂r =⇒ ℓ

H
= ∂t
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Example 3: Schwarzschild horizon
in Eddington-Finkelstein coordinates
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r/m
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t/
m

u= − 2u= − 1u= 0

u= 1

u= 2

Hypersurfaces of constant value of u
around the Schwarzschild horizon u = 0
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Examples of null geodesic generators

null hyperplane future null cone Schwarzschild horizon

∇ℓ ℓ = 0 ∇ℓ ℓ = 0 ∇ℓ ℓ = κ ℓ

κ = 0 κ = 0 κ =
1

4m
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Cross-sections of a null hypersurface
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Cross-section of the event horizon of a binary black hole
merger

[Cohen, Kaplan & Scheel, PRD 85, 024031 (2012)]

← First connected
cross-section of the
event horizon of an
inspiralling binary
black hole merger
(slicing by coordinate
time t)

(x, y)-axes: orbital
plane
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Orthogonal complement of a cross-section tangent space
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Expansion along a null normal

1 Consider a cross-section S
and a null normal ℓ to H

2 ε being a small parameter,
displace the point p by the
vector εℓ to the point pε

3 Do the same for each point
in S , keeping the value of ε
fixed

4 Since ℓ is tangent to H ,
this defines a new
cross-section Sε of H

The expansion along ℓ is defined from the relative change of the area δA
(w.r.t. metric q) of a surface element δS of S around p:

θ(ℓ) := lim
ε→0

1

ε

δAε − δA

δA
= Lℓ ln

√
q = qµν∇µℓν
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Examples of expansions

null hyperplane future null cone Schwarzschild horizon

θ(ℓ) = 0 θ(ℓ) =
2

r
θ(ℓ) = 0
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(Counter-)examples of non-expanding horizons

null hyperplane future null cone Schwarzschild horizon

non-compact nonzero expansion OK
cross-sections
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Trapped surfaces

untrapped surface trapped surface

θ(k) < 0 and θ(ℓ) > 0 θ(k) < 0 and θ(ℓ) < 0
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Example: area of the Schwarzschild horizon

Spacetime metric:

g = −
(
1− 2m

r

)
dt2+

4m

r
dtdr+

(
1 +

2m

r

)
dr2+r2dθ2+r2 sin2 θ dφ2

H : r = 2m; coord: (t, θ, φ)

S : r = 2m and t = t0; coord: ya = (θ, φ)

=⇒ induced metric on S :

qab dy
adyb = (2m)2

(
dθ2 + sin2 θ dφ2

)
=⇒ q := det(qab) = (2m)4 sin2 θ

=⇒ A =

∫
S
(2m)2 sin θ dθdφ

=⇒ A = 16πm2
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Null hyperplane in Minkowski spacetime as a translation
Killing horizon

g = −dt2 + dx2 + dy2 + dz2

H : u := t− x = 0

ℓ = ∂t + ∂x

G = (R,+) acting by
translations in the direction
∂t + ∂x

Killing vector: ξ = ∂t + ∂x

ξ
H
= ℓ
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Null half-hyperplane in Minkowski spacetime as a boost
Killing horizon

g = −dt2 + dx2 + dy2 + dz2

H : u := t− x = 0 and t > 0

null normal: ℓ = ∂t + ∂x

G = (R,+) acting by Lorentz
boostsa in the (t, x) plane

Killing vector: ξ = x∂t + t∂x

ξ
H
= t(∂t + ∂x)

H
= t ℓ

aParameter of G: boost rapidity
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The Schwarzschild horizon as a Killing horizon

g = −
(
1− 2m

r

)
dt2+

4m

r
dtdr+

(
1 +

2m

r

)
dr2+r2dθ2+r2 sin2 θ dφ2

H : r = 2m

null normal: ℓ = ∂t +
r−2m
r+2m ∂r

G = (R,+) acting by (time) translation
(stationarity)

Killing vector: ξ = ∂t

ξ
H
= ℓ

Éric Gourgoulhon (LUX) Introduction to black hole theory 2 ENS, Paris, 7 May 2025 22 / 27



Counter-example: future null cone in Minkowski spacetime

g = −dt2 + dx2 + dy2 + dz2

H : t−
√

x2 + y2 + z2 = 0

null normal:
ℓ = ∂t +

x
r∂x +

y
r∂y +

z
r∂z

H is globally invariant under the action of the Lorentz group O(3, 1), but
its null generators are not invariant under the action of a single
1-dimensional subgroup of O(3, 1).
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Bifurcate Killing horizons

(M , g) = n-dimensional spacetime endowed with a Killing vector field ξ

A bifurcate Killing horizon is the union
H = H1 ∪H2,

where
H1 and H2 are two null
hypersurfaces;
S := H1 ∩H2 is a spacelike
(n− 2)-surface;
each of the sets H1 \S and
H2 \S has two connected
components, which are Killing
horizons w.r.t. ξ.

The (n− 2)-dimensional submanifold S
is called the bifurcation surface of H .
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Example 1: bifurcate Killing horizon w.r.t. a Lorentz boost
generator

(M , g): Minkowski spacetime

g = −dt2 + dx2 + dy2 + dz2

Killing vector: ξ = x∂t + t∂x

=⇒ generates Lorentz boosts in
the plane (t, x)

H1: t = x

H2: t = −x
S : (t, x) = (0, 0)
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Example 2: bifurcate Killing horizon in Schwarzschild
spacetime

3 2 1 1 2 3
X̂

1.5

1.0

0.5

0.5

1.0

1.5

T̂

r= 0

r ′ = 0

+

−

′ +

′ −

I

II

III

IV

Dashed lines: field lines of the stationary Killing vector ξ
Thick black lines: bifurcate Killing horizon w.r.t. ξ

https://nbviewer.org/github/egourgoulhon/BHLectures/blob/master/sage/Schwarz_

conformal_std.ipynb
Éric Gourgoulhon (LUX) Introduction to black hole theory 2 ENS, Paris, 7 May 2025 26 / 27

https://nbviewer.org/github/egourgoulhon/BHLectures/blob/master/sage/Schwarz_conformal_std.ipynb
https://nbviewer.org/github/egourgoulhon/BHLectures/blob/master/sage/Schwarz_conformal_std.ipynb


Example 2: bifurcate Killing horizon in Schwarzschild
spacetime

3 2 1 1 2 3
X

3

2

1

1

2

3

T

r=
0

r ′
=

0

Stationary Killing vector ξ
in the maximal extension of
Schwarzschild spacetime
(Kruskal diagram)

https://nbviewer.org/github/egourgoulhon/BHLectures/blob/master/sage/Schwarz_

Kruskal_Szekeres.ipynb
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